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Abstract

e concern to the existence of balanced 2-neighborly 3-spheres. The goal of this article is to describe
Zheng’s results in constructing a balanced 2-neighborly 3-sphere in detail and prove that if A is a balanced
2-neighborly 3-sphere then its system of parameters is linear.
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1. Introduction

Let A be asimplicial complex on the vertex
set [n] = {1,2....,n}. Thus, A is a nonempty
collection of subsets of [n] satisfying that
FeAand G c F imply G € A. Elements
of A are called facets of A and maximal
faces (under inclusion) are called facets. A
simplicial complex is called k-neighborly if
every subset of vertices of size at most k is the
set of vertices of one of its faces. Neighborly
complexes, especially neighborly polytopes
and spheres are interesting objects to study.
In the seminal work of McMullen [1] and
Stanley [2], it was shown that in the class
of polytopes and simplicial spheres of a
fixed dimension and with a fixed number of
vertices, the cyclic polytope simultaneously
maximizes all the face numbers. The

d

d-dimensional cyclic polytope is 5

neighborly. Since then, many other classes of
neighborly polytopes have been discovered.
We refer to [3] and [4] for examples and
constructions of neighborly polytopes.
Meanwhile, the notion of neighborliness
was extended to other classes of objects.
For instance, neighborly cubical polytopes
were defined and introduced in [5], [6] and
neighborly centrally symmetric polytopes
and spheres were studied in [7] and [9].

In this paper, we discuss a similar notion
for balanced neighborly spheres, which is
introduced by H. Zheng in [9]. The author
in [9] proved that no balanced 2-neighborly
3-spheres with 12 vertices exist, but with 16
exists. Motivated by this work, the purpose
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of this paper is to describe Zheng’s result
in constructing a balanced 2-neighborly
3-sphere T" concretely and give a property
about system of parameter of complex T
The structure of this article is organized
as follows. In Section 2, we discuss basic
propertiesof balanced neighborly spheres
and give some examples to illustrate it.
In Section 3, we present how to construct
balanced 2-neighborly 3-sphere and describe
it in detail. And prove that if I" is a balanced
2-neighborly 3-sphere then system © is
a linear system of parameters of K, in
Proposition 3.2.

2. Balanced neighborly spheres

In this section we introduce balanced
neighborly sphere and some notations that

will be used throughout this article. We
first recall basic definitions on spheres. The
dimension of a face F € A isdim F = |F| -
1 and the dimension of A is the maximum
dimension of its faces. Faces of dimension 0
are called vertices and faces of dimension 1
are called edges. A map k:[n] — [d] is called
a proper coloring map of A, if we have (i) #
k(i) for any edge {i, j} € A. We say thata (d
- 1) - dimensional simplicial complex A on
[n] is balanced (completely balanced in some
literature) if its graph is d-colorable.

Example 2.1. We have

dimA, =1,dimA,=2

Since A, is 2-colorable and A, is
3-colorable. So A,, A, are balanced complex.

Figure 1. Complex C4 and C5

A simplicial complex is pure if all of
its facets (maximal faces) have the same
dimension. The geometric realization of A,
|Alis the union in R" over all faces {u,...,u;}
of A of the convex hull of {e;,,....e;}, where
{e,,....e,} Is the standard basis of R". We
say that A is it homeomorphic to another
space whenever |A| is. A triangulation of a
topological space T is any simplicial complex
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A such that |A| is homeomorphic to T. For a
face F € A, the subcomplexes

IkA(F):{GeA:FuGeA,FmG:®}

and

st,(F)={GcA:FuGeA}

is called the link and star of F in A. If A
is a pure (d - 1) - dimensional complex such
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that every (d - 2) - dimensional face of A
is contained in at most two facets, then the
boundary complex of A, 0A, consists of all
(d - 2)-dimensional faces that are contained
in exactly one facet, as well as their subsets.
A simplicial complex A is a simplicial
sphere (resp. simplicial ball) if the geometric
realization of A is homeomorphic to a
sphere (resp. ball). The boundary complex
of a simplicial d-ball is a simplicial (d -
1)-sphere. A balanced simplicial complex
is called balanced k-neighborly if every set
of k or fewer vertices with distinct colors
forms a face. The following Lemma plays
an important role in find balanced neighborly
sphere in next section.

Lemma2.2.[9] Letd > 4. If Ais balanced
homology (d - 1)-sphere and V, ={v,,V,,V,}
is the set of vertices of color d, then

Ik v, [)Ik,V; is a homplogy (d - 2)-ball for
any 1<i< j<3 and QlkAvi is a homology
(d - 3)-sphere.

3. The existence of balanced
2-neighborly 3-sphere
In this section, we present how to
construct balanced 2-neighborly 3- sphere
and describe it in detail. Assume that V, =
{us; Uy ugs Uk Vo = Vi Vo) Vg Vs h, Ve = wy;
W,; Wy, Wi} and V, = {z,; z,; z3; z,;} are the

four color sets of a balanced 3-sphere I". Let
lkez,=AlJ C and Ik.z,=B U C, where

oA~oC oA~6C

A, B and C are triangulated 2-balls sharing

the same boundary as shown in Figure 2.

w w, w)
Ug . 3 g : tly Uz U3
Uy L s (5] ug
wa uy wy i w3
oy ) L] Uy w2 Vg
Y w v w,
4 y 4 4 Y 4

Figure 2. Discs A, B and C (from left to right)

All possible edges that do not appear in A, B and C are shown in Figure 3 as solid red
edges in disc D’. Notice that the dashed edges in D’ are edges in discs A and B, so we
may rearrange the boundary of D by switching the positions of vertices v, and v, and then
replacing the edges containing v, or v, in 9D' by the dashed edges. In this way, we obtain a
triangulation of a 12-gon D as shown in Figure 3.
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wn
Uz U3
V2 Uz
uy w3
/ wa (%)
vy vy Wy
Uy Uy

Figure 3. Left: disc D’. Right: disc D obtained after rearranging the boundary of D’

Furthermore, oD < A(_JB and oD divides the sphere A U Binto two discs A"and B” as

0A~0B
shown in Figure 4. Let k-2, =A" | ] Dand Ik-z,=B" | J C.Since both strzJstrz,=C
O0A'~0D oB'~oD 3
and st z,| J(st,z| Jst.z,)= A" are simplicial 2-balls, it follows that M =(Jst;z is a
i=1

simplicial 3-ball. Furthermore, the boundary of M is exactly lk;z4. Hence I' =M Ustrz4 IS
indeed a balanced 2-neighborly 3-sphere.

wq un
Uz U3 U2 U3
o /\ v o "
Uy W3 (751 w3
" \/ . w2 o
() w V4 Wy
4 Us 4 Ua

Figure 4. Left: disc A’. Right: disc B’. Notice that 0A’ = 0B’ = oD

Thus, we can describe balanced 2-neighborly 3-sphere as follows:
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D = {2y W o ) WW o) Z VW o) 2 WW ) ZHWN W 2V, W S ZR0 VW ) 2126 VW
gV W o, 2 HG VW 2y VW, 2 00 W Wy, Vo Wy 20 VoW SV W o 2BV Wy,
VW 3 LB VW ) WV W, ZpH VW S VoW 2o VoW ZHVEW o 21 V)W o,
Z W\ Wy, Z3M) VO Wy Z5E Vo WY SV WY ZRM VW, S VW 2 VWY, SV W,
SV W, VW, SIVIWY, SIGV, W, SV W, SV W, SV, SN,V W,
Lo VoW, S HAVIWY, LMV WY, LIV WL, 2o VW, S WV WG, ZEV WY, S VWL,
R VW, W, S VWY, 2LV Wy, 2 VW, ZRHV W, S, VW, 2 VW,
SV Wy, ZpMEVe Wy ZoM W W SV WY SR VWY, S VW, VWG 20 VW
gl MWWy S,V Wy VW, SV Wy, SV Wy ZEL VW, 2, WV W, 2 VWY,
ZH VWY, Z VW ZE VW ZH VW ZE VW Z 0V W Z RV W Z 20V W

Let A be a (d - 1)-dimensional balanced simplicial complex on [n] and let R =

K[Xy,..., X,be a polynomial ring over an infinite field K. The ring K[A] = R/I,, where

I, = Hxi |F c [n] Fe AJ, is called the Stanley-Reisner ring of A.
ieF

Example 3.1. Consider complex A, and A, as Figure 1. We have
IAl :(X11X3;X2;X4), dlm K[Al]: 2

L, = (X0 Xgy XXy XgXsy Xo XX, ) , dim K[A,]=3

Set Vk = {v e [n]|k(v) = k}. Let & = Z X, ,fork=1,2,..,d. Then®=0,,...,0, is a system
VeV,
of parameters of K[A] = R/l,. The Krull dimension of K[A] is the minimal number k such that

there is a sequence 0,....,0, € R of linear forms such that dim, K[A]/(®)<co. It is well-known
that the Krull dimension of K[A] equals dim A +1 ([10], Il Theorem 1.3). If K[A] is of Krull
dimension d, then a sequence ® of linear forms such that dim, K[A]/(®)<x is called a linear
system of parameters (l.s.0.p. for short) of K[A]. Therefore, we have the following property.

Proposition 3.2. If T is a balanced 2-neighborly 3-sphere then ® is a linear system of
parameters of K[A].

Proof. We see that dim, K[I'] =4 and

O ={Z,+2,+2;+ 2, Uy + U, + Uy +U,,V, +V, +Vy +V,, W, + W, + W,y +W, |

Therefore, dim, K[A]/(®) = 3 and then ® is linear system of parameters of K[A].
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4. Conclusions

The main result of the article is to describe
Zheng’s result in constructing a balanced
2-neighborly 3-sphere in detail and prove
that if A is a balanced 2-neighborly 3-sphere
then its system of parameters is linear.
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SU TON TAI CUA CAU CAN BANG NEIGHBORLY

Nguyén Thi Thanh Tam *, Nguyén Thi Dung?, Ha Ngoc Phu', Lé Thi Yén'
'Khoa Khoa hoc tu nhién, Truong Dai hoc Hung Viong, Phii Tho
2Khoa Khoa hoc co ban, Triwong Dai hoc Nong Lam Thdi Nguyén, Thai Nguyén

Tém tit

hung t6i quan tim dén sy ton tai cua cdu don hinh can bang neighborly. Muc tiéu ctia bai bao 1a mé ta mot
két qua cta H. Zheng vé viéc xay dung mdt 3-cau can bang 2-neighborly mét cach chi tict va chirng minh
rang néu I' 1a 3 cau can bang 2-neighborly thi hé tham so6 cuia no la tuyén tinh.

Tir khéa: Cau don hinh cén bang neighborly, phirc can bang, hé tham sé tuyén tinh.
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